A generalization of Ramsey theory for graphs  by Chung, K.M. & Liu, C.L.
Discrete Mathematics 21 (1978) 117-127. 
@I North-Holland Publishing Company 
A GENERALIZATION OF RAIMSEY THEORY FOR GRAPHS’ 
K.M. CHUNG and C.L. LIU 
Departmtnf of Cornpurer Science, University of Ilfinois at Urbana-Champaign, Urbana, IL, 
U.S.A. 
Received 20 April 1976 
Revised 28 March 1977 
1. Introducrtion 
Let G1, G2,. . . , G, be graphs. The Ramsey number, R(G1, G2, . . . , G, )? is 
defined to be the least number p such that if the edges of the complete graph Kp 
are colored in any fashion with c colors, then for some i the subgraph whose 
edges are colored with the ith color contains a Gi [l, 23. The existence of Ramsey 
numbers is guaranteed by Ramsey’s theorem [6]. Wnen the Gi’s are complete 
graphs, the above definition yields the classical Ramsey numbers, which have 
been much studied; for instance see [3,4]. I:1 th .s paper, we study a further 
generalization of the classical Ramsey theory for graphs. 
Let c and d be two integers such that c 1~ d 2 1. Let t denote the binomial 
coefficient (z;). Given c distinct colors, we order the t subsets of d colors in some 
arbitrary manner. Let G1, Ga, . . . , G, be graphs. The d-chromatic Ramsey 
number, denoted by R’,(G,, G2,. . . , G,), is tlefined to be the Ieast number p such 
that if the edges of the complete graph KP are colored in any fashion with c 
colors, then for some i the subgraph whose: edges are colored with the ith subset 
of colors contains a Gi. In this paper, we s.udy the case c = 3, d = 2, with G1, Ga, 
and G3 being complete graphs. We shall dr:note the three colors IX, p, y, ant’ order 
the three subsets of two colors as {a, /3}, {(Y, y}, {/3, y). Thus, Rq(Ki, Li, K,) 
denotes the smallest p such that if the edp,es of the complete graph KP are colored 
with the colors (Y, 0, y, there is either an a-8 Ki or an cx-y Kj or a P-y h:, in the 
graph KP. Without los-> of generality, we shall sssume always that i G jc I. 
2. Some upper and lower boands 
We show in this seclion some upper arld lower bounds on R;(lii, Kj, K,1. We 
derive first some upper bounds: 
Theorem 2.1. 
* This Fork was supported in part by the National Science Foundation under grant MCS ?3-03408. 
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then 
i&k& Consider an arbitrary coloring of K,,. Acce:ding to Lemma 2.2, if there is 
no ~$3 #i or a-y K, in K,,, we must have 
N,+N,cR:(K,, &--,,K,)-1, (1) 
Iv, + Iv@ G R#,_,, Kj, KJ- 1. (2) 
Adding (1) and (2), we obtain 
~N,+N,+N,QR~(K,K~-~,K~).I-~~~(K~-~,K~,~~~)-~~~-~. (3) 
Note that 
lv,+N,+N,=p-1; (4) 
(3) and (4) imply that IV, s 0. If IV, = 0 :it all vertices, then there is a p-y K! for 
Irp. 
We derive now some lower bounds: 
Roof. The 1owe.r bou c:d is obtained by the construction shr,wn in Fig. 1 !, where 
G, is a complete. graph of Rz(Ki_i*, Kj.9 KIP)- 1 vertices, G2 is s complete graph of 
Fig. 1 
‘. I 
* .;- 
; .,I ‘,.‘. 
(1) Ac,cordicd to The&em 2.6, R& KS, K,) :, 4. 
(2) According to Lemma 3 .2, to avoid an or-3 & in KS, there must be a y C,; 
and <o avoid an a-y KS ia Kg, there must also be a fl C;. Consequently, these two 
cirxts form a f3-y &., so that @(KS, KS, K,) = 5. 
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(3) The constructioa in (2) also shows that 
R& KS, K,) > 5, for I> 5. 
(4) ACHH&Q to Theorem 2.1, 
R:W,, K3, K,) c RUG, KS) = 6. 
(1) The coloring scheme in Fig. 2(a) show:; tbat R:(K,, K,,, K,)>6. 
(2) According to Theorem 2.3, 
@(KS, K,, K,) c [HR;:Kz, K.,, K,) + @(KS, KS, KJ + R;(K,, Kd, K3))] 
= [H4+5+5)1=7. 
(3) The coloring scheme in Fig. 2(b) shows that Rz(K,, K4, KS)>7 and 
R;(K,, & &I > 7. 
(4) We show now that Rz(K,, K,, K6) = 8. Consider an arbitrary coloring of Kg 
with three colors, According to Lemma 2.2 and Theorem 3.1, N, + N@ c 3. Thus, 
(b) 
Fig. 2. Solid lines are a edges; dashed lines are p edges; all other edges ale y edges. 
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connected by a /3 edge, then there is an ar+ K3 in I&,. A similar argument can be 
applied to GB. 
(iii) Suppose that G, contains a C7, which we denote C,. It is easily seen that 
no VMWC in C, can be connec,sd to two or more of the vertic.es in C, by p edges. 
It fokws that there can be no circuit of length 7 or 9 in Ge !Jnce such a circuit in 
GB must contain 5 or more of the vertices in C, But by (i) &Id (ii), applied to Ga, 
this is a contradiction. 
(iv) Finally, suppose G, contains ia C, with vertices q, . . . , 09. These same 
vertices also i00tm a Cg in GB. Clearly, any p edge must jam vertices at distance 
either 3 or 4 in the a C9. Clearly not all these distar,ces can be 3, and no two 
edges at dist_arce 4 can be consecutive. Therefore, some three consecutive 6 
edges must have distance of 343 in succession. It is now easy to check that no 
continuation escapes causing an a-/3 KS. 
(3) The coloring scheme in Fig. 3(a) shows that Rz(K,, KS, I&,): 10. 
(4) .4ccording to Theorem 2.3, Rz(K,, KS, K6) = 11. 
(5) The coloring scheme in Fig. 3(b) shows that Ri(K,, Kg, K7)> 11. 
(6) TO SLOW that R&, KS, KS) = 12, let us consider an arbitrary coloring of 
&z. Again, let G, and Gp denote the subgraphs containing all (CY edges and p 
edges, respectively. According to Lemma 2.2, at any vertex 
N,+N,c4, 
N,+N,dg. 
Since 
N,+N,+N,=ll, 
it follows that at any vertex NO =3 or 4. Furthermore, there are at !east 5 LY 
edges, or else there is a B-y K,+ Therefore, there are at most 2 vertices with 
NB=4. 
(i) We first show that G, cannot contain a C,. _ 
Suppose that Gs contains a C,, with vertices ul, 02, z)~, and o4 in sequence. 
Suppose each of tlI and uj is adjacent to only one of the eight other vertices. 
There are six vertices among these eight that are not connected to tr, and u3 by p 
edges. Since R(3,3) = 6, either there is an cr-/3 K3 among these six vertices or 
there is a y K3 among these six vertices. The three vertices that farm a y K3 
together with u1 and u3 will form an a-y KS. A similar argument apphes to a)2 and 
us. Thertke, two adjacent vertices in the p C4 are each adjacent to two of the 
other eight vertices as illustrated in Fig. 4. 
Consider the five vertices u5, u6, qO, ql, u12. According to Lemma 3.2, they 
must form a /3 C,, or else there is an at-y KS, which, together with the vertices zil 
and u3 will form a cu-t Kg. Similarly, the vertices 217, US7 u9, ull, u12 must also 
form a #3 CS. However, since the value of Ne at each of the vertices us,. . . , vlo is 
3, there are no fi edges from any one of Q, u6, u10 to any clne of u7, us, u9. Hence 
the vertices u4, us, 06, 07, 08 form an rw-y Kg. 
(ii! Suppose G, csntains a vertex of degree 4. It is easy t3 see that G, must then 
Fig. 3. Solid lines are CY edges, dashed lines are fl ec’ges, all other lines are y edges. 
contain a C,, since IV, 2 3 at each vertex. Hence: .:Va = 3 at all vertices. Then, since 
G, has no . . , o6 in 
sequence. Three of these vertices, say u Ir tr,, tr,, wll form a y K,. Among the 
vertices p, . . , ulz’, only three of them are com~ewz~’ to the vertices tr,, 03, us, by 
8 edges. c.ince IV, r= 3 at cac5 vertex. Assume ttrz t I% vertices u7, u6, u9 are noi 
.,.C>~jilec ,c,, ilij u . 1, v:+, u5 by p edges. If ‘d 7, u *, u9 .ut: al connecter by /3 edges, they 
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form a @ KS. Other ise, two of them that are not connected by a p edge together 
with t_: u3, u5 form an cu-y Kg. 
(7) The coking scheme in Fig. 3(c) shows that Ri(K,, Kg, I&)> 12. 
(8) To show that 
Rq(K,, Kg, K,) s 13, for I s 13 
we note tha.t R:(K,, Kg, K13) = 5 and Rz(K,, K,+, K13) = 5. Using this, Theorem 
2.4 gives that 
R$(K,, KS, K,)c 13, for I s 13. 
(19) According to Theorem 2.1, 
R;(K,, KS9 K,) s R(K3, K5) = 14. 
Also, R(K3., K,) = 14 implies 
Rz(K,, KS, K,) > 13, for l I== :3. 
Therefore, we obtain 
R’(K:, Kg, K,) = 14, for 1 a 14. 
l’keorem 3.6. 
I?:{&, K,. li,) = 10. 
Proof. 
I (1 j According to Tf~#~renh;‘~2.6, Rt(l&+,~ K,) > 9. 
(2) To show that&[‘&, I&, &)= IO, ye:co&der an arbitrary coloring of &. 
Again, let G, and ai denot6 k&e subgragjfis contaking all Q edges and fi edges, 
respectively. Acco&ii to .&&z&a ‘2.3, ‘tit a&h vertex one has 
N,+N,+FE, N, + Ny.c 6, iv,+N,~& 
It follows that IV.. = Ns = IV, = 3 because EJ, + N8 + NT = 9. Since R(&, &) = 9, 
there must be an a I& since otherwise thert; is a 6-r EC. Let the vertices of the a 
KS be labeled 01, %, ~3. No two of these three vertices can be connected to the 
same vertex in 6, since that will yield eitber an a+ K4 or an ar-y Kq. We thus 
have the configurtition shown in Fig. 5. Let us now’ exhaust he four possibilities in 
which there are three, two, one and zero a~ edges among the vertices er,, us, u6. 
(i) Suppose there are either Wo or three a! edges among u,, u5, u6. Then at 
most two Q! edges joiiio u7,. * . I tllo to the other vertices. Since N, = 3 everywhere, 
fJ7, . . . , vlo form &&er it X4 or a K4 minus an edge in co& (Y. Consequently, 
these four points form a K4 in ati most two colors. 
(ii) Suppase there is one ar edge among the vertices u4, us, v6, say (u4, 05). Then 
v6 is connected to just two of the ‘vertices u7, uR, v9, olO; if tr6 is not connected to 
u7 and vg, say, then Q, &? ?I~, I.$+ form a e-7 &+ 
(iii) Suppose there is no cx edge connecting the vertices u4% Q, 0& Among the 
vertices v7, 2r,, vg, ulo, there is one that is connected to at most one of the vertices 
v4, u5, 06 by an a! edge because there is a total of six at edges connectin the 
vertices in u4, us, v6 and the vertices in 07, u,,,’ oq, u Iu. Suppose u7 is connected to 
af most v4. Clearly, ul, 05, t16, q form a P-7 K.& 
4, Ccrnclodhqy remarks 
‘fh CR are many poss’ble extensions to 1:he pro.?kms we have studied. For 
exampiP, it would be interesting to study the bichrowatic numbers R~(G,, G2, G,) 
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where &, G2, G3 are not complete Graphs. Some partial resulis on the values of 
&#b Pp Pq have been obtained [S], where Pi denotes a path of length i. Also, 
one might wish to study the values of Ri(GX, Gal. . . , G,) for other values of c 
and a 
The authors would like to thank an anonvmous referee for many valuable 
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